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Torsional anharmonicity in the conformational thermodynamics
of flexible molecules
THOMAS F. MILLER III* and DAVID C. CLARY
Physical and Theoretical Chemistry Laboratory, University of Oxford, South Parks Road,
Oxford OX1 3QZ, UK
(Received 29 December 2004; in final form 16 January 2005)
We present an algorithm for calculating the conformational thermodynamics of large, flexible
molecules that combines ab initio electronic structure theory calculations with a torsional path
integral Monte Carlo (TPIMC) simulation. The new algorithm overcomes the previous
limitations of the TPIMC method by including the thermodynamic contributions of
non-torsional vibrational modes and by affordably incorporating the ab initio calculation
of conformer electronic energies, and it improves the conventional ab initio treatment of
conformational thermodynamics by accounting for the anharmonicity of the torsional modes.
Using previously published ab initio results and new TPIMC calculations, we apply the
algorithm to the conformers of the adrenaline molecule.
1. Introduction
The theoretical prediction of molecular conformation is
a key aspect of understanding the biological function of
flexible molecules. To address this issue, we have
previously employed the torsional path-integral Monte
Carlo (TPIMC) method [1, 2] as a theoretical tool for
determining conformer populations [3, 4]. The TPIMC
method has yielded promising agreement with experi-
mental results for relatively small molecules, but further
developments are necessary to quantitatively address
larger systems. In the current study, we propose a
simple way to use the TPIMC method to anharmoni-
cally correct thermodynamic quantities obtained from
standard ab initio harmonic frequency calculations.
We employ the new correction algorithm to study the
conformational thermodynamics of the adrenaline
molecule (figure 1) [5].
The TPIMC method involves a quantum statistical
mechanical simulation in the intramolecular torsional
degrees of freedom [1]. Specifically, the path integral
representation [6–10] is used to express the canonical
partition function corresponding to the intramolecular
torsional Hamiltonian
Htor ¼
XM
j¼1
h2
2Ij
@2
@2j
þ VðhÞ, ð1Þ
where M is the number of intramolecular torsions, Ij is
the moment of inertia corresponding to the torsional
angle j and the potential VðhÞ is a coupled function of
the torsional coordinates that is obtained from either
electronic structure theory calculations or a molecular
mechanics force field. The resulting expression for
the torsional path integral canonical partition function
is [1]
qTPI ¼ lim
P!1
P
2p h2
 MP=2
IP=2
Z
D
exp  V int þ V ext  ,
ð2Þ
where
Z
D
¼
YM
j¼1
Z 2p
0
dð1Þj
YP
t¼2
Z 1
1
dðtÞj
 " #
,
V int ¼ P
22h2
XM
j¼1
Ij
XP
t¼1
ðtÞj  ðtþ1Þj
	 
2" #
,
V ext ¼ 1
P
XP
t¼1
V hðtÞ
 
,
I ¼
YM
j¼1
Ij and h
ð1Þ ¼ hðPþ1Þ: ð3Þ
Using a sufficiently large number of Trotter beads P, the
multidimensional configuration integral in equation (2)
can be solved using classical Monte Carlo techniques*Corresponding author. Email: thomas.miller@chem.ox.ac.uk
Molecular Physics, Vol. 103, No. 11–12, 10–20 June 2005, 1573–1578
Molecular Physics
ISSN 0026–8976 print/ISSN 1362–3028 online # 2005 Taylor & Francis Group Ltd
http://www.tandf.co.uk/journals
DOI: 10.1080/00268970500096145
D
ow
nl
oa
de
d 
B
y:
 [C
al
ifo
rn
ia
 In
st
itu
te
 o
f T
ec
hn
ol
og
y]
 A
t: 
18
:3
3 
25
 J
un
e 
20
08
 
[11–13] to yield the quantum statistical mechanics of the
intramolecular torsions. Of particular relevance to the
current study is the resulting expression for conformer
population,
TPIa ¼
qTPIa
qTPI
¼ C
qTPI
Z
Da
exp  V int þ V ext  , ð4Þ
where Da is the subset of torsional coordinates that
correspond to a particular conformer a and
C ¼ ðP=2ph2ÞMP=2IP=2.
Torsional vibrational modes tend to have low
frequency (30–600 cm1) and thermally accessible
excited states, thereby making large contributions to
thermodynamic quantities. However, these modes can
also be extremely anharmonic, resulting in large errors
in thermodynamic calculations based on the harmonic
approximation. The TPIMC method addresses these
issues directly by accounting for anharmonicity and
quantum effects in the torsional degrees of freedom; it is
an accurate description of the modes to which thermo-
dynamic quantities are expected to be most sensitive
and for which the harmonic approximation is most
likely to fail.
In previous applications to the glycine amino acid [4]
and the 2-amino-1-phenylethanol (APE) adrenaline
structural analogue [3], the TPIMC method has been
shown to overcome severe anharmonicity to give
very promising agreement with experimental results.
However, two intrinsic limitations of the TPIMC
method hinder its general, quantitative application to
larger molecules.
The first limitation of the TPIMC method is that it
neglects the thermodynamic contributions of non-
torsional vibrations, such as angle bends and bond
stretches. The advantage of this approximation is that
equation (2) converges with only a small number of
Trotter beads (P¼ 3–5). However, some non-torsional
vibrations, particularly the collective bending modes,
are sufficiently thermally accessible and conformer
dependent to necessitate their explicit inclusion in a
quantitative treatment of the vibrational thermo-
dynamics.
The second limitation is that the TPIMC method, like
any statistical mechanical technique, is subject to the
quality of the potential energy function VðhÞ with which
it is applied. For small molecules like glycine, an ab initio
potential energy surface can be constructed in the full
torsional coordinate space and used for the TPIMC
simulation [4], but this approach is not generally
practical. Alternatively, for cases in which a molecular
mechanics potential is shown to agree with ab initio
energies, the TPIMC method can be confidently and
affordably employed to larger molecules [3]. However,
applications to large systems for which inexpensive
potentials are not quantitatively reliable remain an
important challenge for the method.
In the next section, we address these challenges
by introducing a simple, systematic algorithm for
combining a TPIMC simulation with an ab initio
harmonic vibrational frequency calculation to obtain
anharmonically-corrected thermodynamic quantities.
2. Torsional anharmonic correction
At thermal equilibrium, the relative thermodynamics
of distinct molecular conformers a and b is determined
by the ratio of their total canonical partition functions,
Kab ¼ Qa=Qb, ð5Þ
which approximately factorize according to the various
modes of molecular motion,
Q ¼ qtransqrotqve and qve ¼ qvibqelec: ð6Þ
Assuming that the conformers rotate rigidly,
equation (5) simplifies to
Kab ¼
ðIaxIay Iaz Þ1=2qave
ðIbxIby Ibz Þ1=2qbve
, ð7Þ
where the Iax , I
a
y and I
a
z are the principle axis rotational
moments of inertia for conformer a. In this section,
we will focus on the accurate evaluation of the con-
former vibrational-electronic partition function qave.
A straightforward (and often employed) estimate of
qave is obtained by assuming that each conformer is
described by a single electronic potential energy surface
that is quadratic in the region of the minimum energy
structure. This harmonic approximation yields an
expression that can be evaluated using standard
electronic structure techniques,
qa,HOve ¼ exp ðEaoÞqa,HOvib ,
where qa,HOvib ¼
Y3N6
i¼1
exp ð h!ai =2Þ
1 exp ð h!ai Þ
, ð8Þ
OH
NH
HO
HO CH3θ1
θ2
θ3
θ4
θ5θ6
θ7
Figure 1. The adrenaline molecule with torsions labelled.
1574 T. F. Miller III and D. C. Clary
D
ow
nl
oa
de
d 
B
y:
 [C
al
ifo
rn
ia
 In
st
itu
te
 o
f T
ec
hn
ol
og
y]
 A
t: 
18
:3
3 
25
 J
un
e 
20
08
 
 ¼ 1=kBT is the reciprocal temperature, N is the num-
ber of atoms in the molecule and Eao is the minimized
electronic energy for conformer a with corresponding
harmonic vibrational frequencies !ai . However, as was
mentioned in the previous section, qa,HOvib is prone to
error for molecules with anharmonic torsional modes.
We propose an anharmonic correction to qa,HOve based
on the thermodynamics of the torsional Hamiltonian in
equation (1),
~qave ¼ qa,HOve ator, where ator ¼
qa,TPItor
qa,HOtor
, ð9Þ
qa,HOtor is the harmonic approximation to the conformer
vibrational partition function for Htor (equation (1)) and
qa,TPItor ¼ C exp ðþEaoÞ
Z
Da
exp ½ðV int þ V extÞ
¼ exp ðþEaoÞTPIa qTPI ð10Þ
is the vibrational contribution to the anharmonic
TPIMC partition function. The quantities C and TPIa
are defined in equation (4).
In the expression for the partition function ~qave
(equation (9)), the starting point qa,HOve is corrected by
eliminating the harmonic contribution of the torsional
vibrations (dividing by qa,HOtor ) and replacing it with
the TPIMC contribution (multiplying by qa,TPItor ). The
combined effect is to provide a harmonic description of
the non-torsional vibrations and an anharmonic descrip-
tion of the torsions. By appropriately treating both the
torsional and non-torsional vibrational modes, this
approach overcomes the first fundamental limitation
of the TPIMC method described in the previous section.
A few more things are worth noting about the
anharmonic correction scheme proposed in
equation (9). Firstly, because both terms in the
correction factor ator are calculated using the same
Hamiltonian Htor, the correction factor reduces exactly
to unity for the case of a harmonic torsional potential.
This would not be the case if a classical simulation
technique had been used to calculate the numerator
qa,TPItor . Furthermore, the proposed algorithm can be
completely automated; it does not involve the subjective
choice of which vibrational normal modes appear most
‘torsion-like’, as was required in previous algorithms [4].
Finally, we note that the calculation of qa,HOve and 
a
tor
is performed separately and need not even require the
use of the same potential function. For example, a
standard electronic structure theory method (such as
MP2 or DFT) may be used to calculate qa,HOve , whereas
a molecular mechanics potential may be used to
affordably calculate the anharmonic correction term.
Because ator addresses only the anharmonicity of the
potential in the region of the conformer minimum
(as opposed to the actual value of the conformer
electronic energy Eao), the correction term is expected
to be far less sensitive to the quality of the potential
surface than qa,HOve .
Applying this strategy in equations (8)–(10) yields
~qave ¼ exp  EaQM  EaMM
	 
h i qa,HOvib
qa,HOtor
 !
TPIa q
TPI, ð11Þ
where EaQM is the minimized conformer electronic energy
obtained with the ab initio potential and EaMM is that
obtained with the molecular mechanics potential. The
term qa,HOvib is obtained from the harmonic frequency
calculation using the ab initio potential, qa,HOtor is
obtained from a torsional harmonic frequency calcula-
tion using the molecular mechanics potential, and TPIa is
obtained from the TPIMC simulation using the mole-
cular mechanics potential. The term qTPI will cancel in
the consideration of relative conformer thermodynamics
(see equation (7)). Since an ab initio level of theory is
used to describe the electronic energy at the conformer
minimum and an affordable TPIMC simulation is
performed with a molecular mechanics potential to
describe the anharmonicity of the torsional potential
around the conformer minimum, the second limitation
to the TPIMC technique described in the previous
section is at least partially overcome.
3. Calculation details
Torsional anharmonic correction factors are reported
for the conformers of the adrenaline molecule at 100,
300 and 600K. For a given conformer a, the correction
factor ator is the ratio of the torsional vibrational
partition function calculated using the harmonic
approximation (qa,HOtor ) and the anharmonic description
of the TPIMC method (qa,TPItor ).
Both qa,HOtor and q
a,TPI
tor are calculated from the
torsional Hamiltonian Htor in equation (1). Table 1
lists the torsional moments of inertia for adrenaline that
are used throughout this study. The torsional potential
VðhÞ was obtained by keeping all non-torsional coordi-
nates held fixed and applying the MM3 force field [14]
to structures generated by changing the torsional angles.
To avoid energetically favouring any one conformer,
the values for the non-torsional internal coordinates
are determined by Boltzmann-weighting the optimized
conformer geometries according to their ab initio
minimum energies [15] at 300K. We provide these
internal coordinates in the supplementary information
(SUP16169).
Conformational thermodynamics of flexible molecules 1575
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The term qa,HOtor is calculated from the harmonic
vibrational frequencies of Htor. As for the harmonic
vibrational frequencies of a Cartesian Hamiltonian, the
torsional frequencies are obtained by diagonalizing
the inertia-weighted Hessian matrix [16]. In this study,
we construct the Hessian matrix by numerically
differentiating the torsional potential VðhÞ at the local
minimum of each conformer using a step size of 0:5.
The term qa,TPItor depends upon the thermal population
of conformer a as determined by a TPIMC simulation
(equation (10)). To calculate the conformer populations,
we follow a prescription similar to that used in previous
TPIMC studies [3, 4]. All seven torsional degrees of
freedom in adrenaline are treated explicitly, converged
quantum mechanical results are obtained using five
Trotter beads (P¼ 5 in equations (2) and (3)), and a
total of 5 107 Monte Carlo steps are performed. For
the evaluation of the TPIMC conformer populations,
we define each conformer to correspond to the volume
of coordinate space for which every torsional angle
is within 60 of its value at the optimal conformer
geometry.
In any Monte Carlo calculation, care must be taken
to ensure that all relevant regions of coordinate space
are adequately sampled. This can be a challenge for
molecules with energetically competitive conformers
separated by substantial barriers to interconversion,
particularly in low-temperature simulations. To over-
come this problem, the TPIMC method was performed
for the first time using the parallel tempering algorithm,
the implementation of which is straightforward
because the torsional path integral partition function
(equations (2) and (3)) assumes the form of a classical
configuration integral. In the parallel tempering algo-
rithm [13], multiple non-interacting replicas of the
original system are considered. Each replica is simulated
at a different temperature, attempting coordinate moves
in the fashion of a single-temperature Monte Carlo
simulation. However, in addition to these coordinate
moves, the parallel tempering algorithm allows
‘swapping’ moves in which the coordinates of replicas
at neighbouring temperatures may exchange. The
advantage of swapping is that coordinates from the
high-temperature simulations (which move rapidly
through coordinate space) can be introduced to the
low-temperature simulations (which do not), thereby
dramatically improving the efficiency with which the
low-temperature simulations explore coordinate space.
In the calculations reported here, replicas were simu-
lated at the 100, 150, 200, 250, 300, 450, 600 and 1000K
with swapping attempted in 25% of Monte Carlo steps.
4. Results and discussion
A thorough investigation of the conformational land-
scape of adrenaline has been recently reported [15]. Two
remarkable results emerge from this study. The first is
that the relative conformer energies are highly depen-
dent upon the level of ab initio electronic structure
theory employed; the second is that regardless of the
level of theory, a large number of adrenaline conformers
are expected to have energies within a few kJmol1 of
the global minimum. The two lowest-energy conformers
predicted from this study are shown in figure 2. The
torsional angles corresponding to these conformer
geometries are listed in table 1.
The apparent flexibility of the adrenaline molecule
indicates that the assumption of harmonic vibrations
could lead to substantial errors in thermodynamic
calculations. But it is clear that an ab initio description
of the electronic structure is essential. It thus appears
likely that the theoretical description of the conforma-
tional thermodynamics of adrenaline would benefit
from the torsional anharmonicity correction scheme
introduced in the current study.
To explore the degree to which torsional anhar-
monicity affects the conformational thermodynamics
of adrenaline, we consider the ratio of conformer
anharmonicity correction factors Rab ¼ ator=btor. This
quantity is the multiplicative factor by which torsional
anharmonicity alters the equilibrium constant Kab in
equation (7). Viewed alternatively, Rab is the relative
thermal population of two conformers for which all
rotational, electronic and harmonic vibrational contri-
butions (but not necessarily anharmonic vibrational
contributions) are identical. The calculated correction
factor ratios for the most stable conformer AG1a
and the other low-energy conformers of adrenaline are
presented in table 2. Throughout the current discussion,
we will employ a conformer nomenclature consistent
with that of [15].
Table 1. Torsional moments of inertiaa Ij and optimal
coordinates j for the AG1a and GG1a conformers of
adrenaline.
jb Ij j ðAG1aÞ j ðGG1aÞ
1 512 981 18 8
2 748 150 177 62
3 5453 165 92
4 204 909 164 61
5 21 254 178 179
6 5219 0 0
7 5142 2 3
aMoments of inertia reported in atomic units.
bTorsions labelled in figure 1.
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For ratios corresponding to conformers in the same
structural family (i.e. RAG1aX , X ¼ AG1b, AG1c, AG1d),
small deviations from unity are reported in table 2,
indicating only minor anharmonicity corrections. This is
not surprising, as the various conformers in a given
structural family differ only in the orientation of
the –OH groups on the phenyl ring. More substantial
anharmonicity corrections are predicted when the
conformers differ in the structure of the flexible
amino-alcohol side chain (i.e. RAG1aX , X¼GG1a,
AG3a, AG3d). These results suggest that it is not
unusual for the conformer equilibrium constant Kab to
shift by over 20% as a result of torsional anharmonicity.
We now explore the effect of the torsional anharmo-
nicity correction on the thermodynamics of the two
most stable conformers of adrenaline, AG1a and GG1a.
Table 3 compares the conformer equilibrium constants
obtained from (a) a TPIMC calculation on the
molecular mechanics potential (MM-TPI), (b) an
ab initio calculation assuming harmonic vibrational
frequencies (ai-HO) and (c) the ab initio results corrected
for torsional anharmonicity using the currently pro-
posed scheme (ai-TPI)). The ab initio data employed
here have been previously published [15]. Geometry
optimizations and vibrational frequencies were calcu-
lated at the B3LYP/6-31þG* level of theory and single
point energies were calculated using MP2/6-31þG*. The
contribution to the conformer equilibrium constants
from the rotational moments of inertia (equation (7)) is
included although it is effectively negligible.
The most striking result in table 3 is the discrepancy
between the equilibrium constants predicted using the
MM-TPI and the ai-TPI algorithms. Both provide an
anharmonic description of the torsional vibrations, but
they differ in the level of theory used to calculated the
conformer electronic energies. This difference makes
a large effect; the ab initio potential employed in the
ai-TPI calculation predicts a relative conformer elec-
tronic energy (EGG1aQM  EAG1aQM ) of 0.43 kJmol1,
whereas the molecular mechanics potential employed
in the MM-TPI calculation predicts a relative energy
(EGG1aMM  EAG1aMM ) of 2:53 kJmol1. The inaccuracies of
the molecular mechanics potential clearly impact its
thermodynamic predictions in table 3. Smaller differ-
ences arising from the torsional anharmonicity are
found by comparing the results for the ai-GI and the
ai-TPI results.
To further illustrate these effects, the conformer
equilibrium constants (which are related to their relative
standard free energies) can be decomposed into the
relative standard internal energies and entropies shown
in table 4. The calculated internal energies clearly reflect
the impact of the electronic energy. Those calculated
using the ai-TPI and ai-HO techniques differ relatively
little but stand in marked contrast to the internal
energies obtained using the MM-TPI approach. On
the other hand, we note that the relative conformer
entropies obtained using the MM-TPI approach agree
much more closely with the ai-TPI results than the
AG1a GG1a
0.0 kJ/mol 0.43 kJ/mol
Figure 2. The lowest-energy conformers of adrenaline.
Relative energies reported at the B3LYP/6-31þG*//MP2/6-
31þG* level of theory [15].
Table 2. Torsional anharmonicity correction factor ratios
ðRAG1aX Þ for the conformers of adrenaline at various tempera-
tures.
X 100K 300K 600 K
AG1a 1.000 1.000 1.000
AG1b 0.9 (1)a 0.92 (4) 1.01 (2)
AG1c 1.0 (2) 0.99 (5) 1.07 (4)
AG1d 0.9 (2) 0.95 (4) 1.01 (4)
GG1a 0.87 (5) 1.03 (6) 1.12 (5)
GG1b 0.91 (7) 1.03 (5) 1.08 (4)
GG1c 0.91 (8) 1.05 (6) 1.22 (6)
GG1d 0.94 (9) 1.07 (6) 1.23 (6)
AG3a 0.77 (6) 0.75 (4) 0.83 (2)
AG3b 0.82 (7) 0.75 (3) 0.83 (2)
AG3c 0.79 (9) 0.79 (3) 0.88 (2)
AG3d 0.75 (7) 0.76 (4) 0.84 (3)
aNumbers in parenthesis indicate estimated error in the last
digit.
Table 3. Total equilibrium constant for the AG1a and GG1a
conformers of adrenaline ðKAG1aGG1a Þ:
100K 300K 600K
MM-TPIa 0.054 (3) 0.45 (3) 0.80 (4)
ai-HOb 3.35 1.67 1.45
ai-TPIc 2.9 (2) 1.7 (1) 1.61 (7)
aTPIMC method with the MM3 molecular mechanics
potential.
bAb initio electronic energies and harmonic vibrational
frequencies. (See text for details.)
cAb initio electronic energies and harmonic vibrational
frequencies with the TPIMC correction for torsional
anharmonicity.
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ai-HO results. The results in table 4 illustrate that the
electronic energy is the dominant factor in the relative
conformer internal energies, but torsional anharmoni-
city dominates the relative conformer entropies.
5. Conclusions
In this paper, we present a straightforward algorithm
for calculating the conformational thermodynamics of
large, flexible molecules. The algorithm combines an
ab initio electronic structure theory calculation of the
conformer electronic energies and harmonic vibrational
frequencies with a torsional path integral Monte Carlo
(TPIMC) simulation performed using an inexpensive
potential. The new algorithm overcomes the previous
limitations of the TPIMC method by including the
thermodynamic contributions of non-torsional vibra-
tional modes and by affordably incorporating the
ab initio calculation of conformer electronic energies,
and it improves the conventional ab initio treatment of
conformational thermodynamics by accounting for the
anharmonicity of the torsional modes.
We examine the effect of torsional anharmonicity
on the thermodynamics of the twelve low-energy
conformers of adrenaline and find several cases in
which the conformer equilibrium constant Kab is altered
by over 20%. For the two lowest-energy conformers of
adrenaline, we apply the proposed algorithm using
previously published ab initio results. Our analysis
suggests that the relative standard internal energy is
dominated by the conformer electronic energies, but the
relative standard entropies are dominated by torsional
anharmonicity.
The proposed algorithm is expected to aid in the
accurate evaluation of transition state barrier heights
and serve as a central utility in our future study of
complex systems.
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